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Abstract
We study in this paper a modi2cation of continued fractions de2ned by the author, such that its lexicographic order
coincides with the linear order of real numbers. This fact has beautiful consequences in Topology. Indeed, it gives the
possibility to construct a nice open basis for the Sorgenfrey line. c© 2001 Elsevier Science B.V. All rights reserved.
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There are earlier results showing that the development of the numbers in continued fractions may
be inferred from its arrangement upon the line [5]. This fact gives, for example, an homeomorphism
of the irrational numbers, with its linear order topology, onto NN, with its product topology [4].
In the last years, various studies on representations via continued fractions has been published
[1,2], in particular some problems of Topology related to the set of irrational reals has been studied
in a constructive manner.
We show, in this paper properties of a modi2cation of the development in continued fractions
de2ned by the author [3]. In this expansion, the lexicographic order coincides with the lineal order
of reals numbers. This fact has beautiful consequences in Topology.
Let x ∈ (0; 1) and let [(an)n∈N] its continued fraction (since a0 = 0 for all x, we omit the 2rst
partial quotient).
We have that, the set of all points of (0,1) which are irrational and its continued fractions verify
that a1=n, is (1=(n+1); 1=n]∩ (R\Q), for every n ∈ N. Then, if we place these intervals throughout
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R, its approach to 0 for the right side. Nevertheless, the set of all points of (0,1) which are irrational
and its continued fractions verify that a1=n and a2=m is [m=(nm+1); m+1=(n(m+1)+1))∩(R\Q).
Then for each n ∈ N if we place these intervals, all contained in (1=(n+1); 1=n]∩(R\Q), throughout
R, its approach to 1=n for the left side.
The cause of these “oscillations” (the half-open intervals are, alternatively, closed for the right or
the left side, the sequences formed by the extremes are, alternatively, decreasing or increasing), is
the algorithm to obtain the partial quotients. Thus, we de2ne a modi2cation of continued fractions
such that the sequence which represents a number x ∈ (0; 1) is formed by non-negative numbers,
and we introduce, in the algorithm, “ones” to always obtain half-open intervals in the same side.
The lexicographic order of this new representation coincides with the linear order of real numbers.
Finally, in [3] we used this representation for prove that the Sorgenfrey line (i.e. the real line
with the topology generated by the half-open intervals) is not totally paracompact.
Theorem 1. For each number x ∈ [0; 1) there exists a sequence (bn)n∈N∗ such that bn ∈ N (for all
n ∈ N∗) and
x = 1
1+
1
b1+
1
1+
1
b2+
1
1+···
(we show in the proof the sense of this representation).
Moreover:
(1) x is irrational if and only if; for each n ∈ N∗; there is n′¿n such that bn′ = 0
(2) x is rational if and only if; there exists n(x) ∈ N∗ such that for all n¿n(x) we have
bn = 0 (then x = 1
1+
1
b1+
1
1+
1
bn(x)−1
if bn(x)−1 = 0; x = 0 if and only if bn = 0 for all n ∈ N∗).
Proof. It is analogous to the continued fraction algorithm.
If x = 0, we de2ne bn = 0 for all n ∈ N∗.
If x ∈ (0; 1), let b1 = [1=(1=x−1)]¿0 (we write [z] for the “integral part of z”; the largest integer
which does not exceed z). If 1=(1=x − 1)− b1 = 0, then x = 1=(1 + 1=b1) ∈ Q and we de2ne bn = 0
for all n¿2.
If 1=(1=x− 1)− b1 = 0, then 1=(1=x− 1)− b1 = y−11 , where 0¡y−11 ¡ 1; let b2 = [1=(y1− 1)]¿0.
If 1=(y1 − 1)− b2 = 0, then
x = 1
1+
1
b1+
1
1+
1
b2
∈ Q
and we de2ne bn = 0 for all n¿3.
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If 1=(y1 − 1)− b2 = 0, then 1=(y1 − 1)− b2 = y−12 where 0¡y−12 ¡ 1; let b3 = [1=(y2 − 1)] · · ·
If x is irrational, we have that 1=(yn − 1)− bn+1 = 0 (for all n ∈ N∗) and we shall write
x = 1
1+
1
b1+
1
1+
1
b2+···
(we shall show the sense of this representation).
Clearly x is rational if and only if, there exists a n(x) ∈ N∗ such that bn = 0 for all n¿n(x).
Let x ∈ [0; 1) and (bn)n∈N, where bn ∈ N for all n ∈ N∗, the sequence obtained using the above
algorithm. We de2ne
R1(x) =
{
1
1+(1=b1)
if b1 = 0
0 if b1 = 0
; R2(x) =
1
1 + 1=(b1 + 1)
and, for each n¿ 1
R2n−1(x) =


1
1+
1
b1+···
1+
1
bn
if bn = 0;
R2n−3(x) if bn = 0;
R2n(x) = 1
1+
1
b1+
1···
bn−1+
1
1+
1
bn+1
:
We have that: R1(x)6 · · ·6R2n−1(x)6 · · ·6x¡ · · ·¡R2n(x)¡ · · ·R2(x).
Moreover, for all n ∈ N such that bn = 0 we have
x − R2n−1(x)¡R2n(x)− R2n−1(x)6 1n+ 1
and
R2n(x)− x6R2n(x)− R2n−1(x)6 1n+ 1 :
And, if there exists n0 ∈ N∗ such that bn=0 for all n¿n0, then R2n−1(x)=x and R2n(x)−x61=(n+1)
for all n¿n0.
Thus, in the natural topology on R, the sequences (R2n−1(x))n∈N and (R2n(x))n∈N converge to x,
and we write
x = 1
1+
1
b1+
1
1+···
:
Corollary 2. Let x; y ∈ [0; 1) and let (bn)n∈N and (b′n)n∈N its representations in the sense of
Theorem 1; then x¡y (where ¡ is the linear order of real numbers) if and only if; (bn)n∈N ≺
(b′n)n∈N (where ≺ is the lexicographic order of NN
∗
). Then; the map which assigns to every x ∈
[0; 1) its representation in the sense of Theorem 1 is a homeomorphism of [0; 1) onto NN∗ with
the topology induced by its lexicographic order.
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Proof. Clearly x = y if and only if (bn)n∈N∗ = (b′n)n∈N∗ . We suppose that x¡y; as x = y there
exists a 2rst element n0 ∈ N∗ such that bn0 = b′n0 ; if bn0 ¿b′n0 we have that bn0¿b′n0 + 1 and bn = b′n
(for all n¡n0), then R2n0−1(x)¿R2n0 (y) and x¿y. Then, bn0 ¡b
′
n0 (and bn = b
′
n for all n¡n0),
thus (bn)n∈N∗ ≺ (b′n)n∈N∗ . .
Remark 3. The above Corollary shows that this new representations allows us to give an order-
preserving homeomorphism of [0; 1), with the topology induced by its linear order onto NN∗ , with
the topology induced by its lexicographic order. This order preserving homeomorphism is analogous
to which there exists of the irrationals numbers of the set (0; 1), with the topology induced by its
linear order, onto NN with the product topology.
Remark 4. Using this representation, we obtain [3] proof of the theorem which shows that the
Sorgenfrey line is not totally paracompact.
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